The possibility is investigated that a nonlocal formulation of gauge theories may provide an alternative mechanism for the generation of mass. For this purpose, a path-integral approach is used, with gauge-averaging term leading to an invertible integro-differential operator on field disturbances and to a mass term in the semiclassical Lagrangian. It is therefore shown that suitable choices of integral kernels make it possible to generate the mass of vector mesons from first principles (i.e. the need to obtain an invertible operator on field disturbances), without having to assume the existence of fundamental scalar fields which have not yet been observed. Although mass terms are not a generic property of nonlocal field theory, they can be therefore associated to an unavoidable step, i.e. the need to build invertible operators in perturbation theory. The paper proves also explicitly that the Faddeev-Popov procedure, when applied to a nonlocal gauge-averaging term, leads again to a BRSTinvariant theory.
A key task of theoretical physics has been always the description of a wide variety of natural phenomena within a unified conceptual framework, where they can all be derived from a few basic principles which have been carefully tested against observation. The development of local or nonlocal field theories, the investigation of perturbative and nonperturbative properties, and the construction of gauge theories of fundamental interactions provide good examples of how such a task is frequently accomplished. Moreover, when a commonly accepted model remains unproven for a long time, the theoretical physicist has to perform a careful assessment of the ideas leading to such a prediction, and he is expected to find either an independent way to confirm it, or an alternative way to understand the phenomenon.
Within this framework, it is the aim of our paper to reconsider a longstanding problem in particle physics and field theory, i.e. the generation of mass in gauge theories of fundamental interactions. Although the Higgs mechanism provides a well understood theoretical model for the generation of mass [1] , the analysis of alternative models appears necessary for at least a fundamental reason: no (conclusive) evidence on the existence of the Higgs field is available as yet. At present one can only say that, if the Higgs particle exists, its mass cannot exceed 188 GeV [2] . For example, in the Weinberg-Salam model [3] [4] [5] , the Lagrangian density L (hereafter we omit the word "density" for simplicity) contains five terms describing gauge bosons, the coupling of gauge bosons to scalars, the coupling of gauge bosons to left-handed and right-handed fermions, and the gauge-invariant interaction among scalars and fermions, respectively. In particular, the coupling of gauge bosons to scalars is described by the term
where φ is a Higgs field and the gauge-covariant derivative reads
With a standard notation, W µ k are the SU(2) gauge fields with associated generators τ k , while W µ 0 is the U(1) gauge field with generator τ 0 = 1 2 1 0 0 1 . In the unitary gauge, the Higgs field is expressed by the "column vector" φ = 0 ρ , and after writing the transformation (θ w being the Weinberg angle)
the kinetic term in Eq. (1) reads eventually
Thus, the vector mesons W , respectively. From the known experimental value of the Weinberg angle, one then finds masses m W and m Z of order 80 GeV and 90 GeV, respectively. Nevertheless, since the Higgs field remains unobserved, we are led to ask ourselves whether the fundamental principles of (quantum) field theory make it possible to fit the experimental data without having to assume the existence of a Higgs field.
At this stage, the fundamental point in our investigation is the need to recall a well known property of all gauge theories: since an invariance group is present, the operator obtained from second functional derivatives S ,ij of the classical action S is not invertible. To obtain an invertible operator on field disturbances one has to add to S ,ij a term obtained from the generators of infinitesimal gauge transformations and their adjoints [6] . In the corresponding quantum theory, the counterpart of this construction is the addition of a gauge-averaging term to the original Lagrangian L [7] . The resulting Lagrangian leads to well defined functional determinants in the one-loop semiclassical theory and is part of the path-integral prescription for gauge theories, aimed at avoiding a "summation" over gaugeequivalent field configurations for the out-in amplitude. In other words, the two key elements of the model we are going to propose are as follows.
(i) A gauge-invariant Lagrangian is very elegant but not really useful by itself. One needs instead a Lagrangian leading to an invertible operator on field disturbances.
(ii) Massless theories have properties not always shared by massive theories. For example, the invariance under conformal rescalings of the metric is usually spoiled by mass terms [8] .
Can we therefore view mass as arising from (small) disturbances [6] of a massless theory? Point (i) of the above list is indeed a well established property of field theory, but nothing new has been obtained from it for a long time because, after the work in Ref. [6] , the emphasis has been always put on the construction of local field theories. However, from the first chapters of Ref. [6] it is clear that, to obtain an invertible operator on field disturbances, it is not mandatory to consider a purely local formulation. Local field theories, with the associated emphasis on differential operators, have been chosen for technical convenience and to avoid problems with causality violations. However, nonlocal field theories, with the associated integro-differential operators, are not forbidden from the general principles of (quantum) field theory, and are not so undesirable, at least in a Euclidean formulation where no time evolution exists. Further arguments in favour of a careful consideration of nonlocal field theories will be described below, but for the time being we are aiming to obtain a few basic equations. For this purpose, let us consider for simplicity the Lagrangian for Euclidean Maxwell theory via path integrals:
With a standard notation, F ab is the electromagnetic field strength that contributes the non-invertible operator (R ab being the Ricci tensor of the background)
acting on perturbations of the potential (with 2 ≡ ∇ a ∇ a = g ab ∇ a ∇ b , and ∇ the LeviCivita connection on space-time). Moreover, α is a dimensionless parameter, and Φ is the gauge-averaging functional
The potential A is mapped into the real number Φ(A) via the action of Φ in a way here expressed in the form
In a local formulation, T b = ∇ b leads to the Lorenz gauge, while T b = N b leads to a gauge of the axial type. In a nonlocal formulation, we assume that a kernel Q d ′ cb exists such that (M being space-time, or the portion of space-time we have access to)
where, following DeWitt [6] , primes refer to tensor indices at the space-time point x ′ which is being integrated over. For tensor fields of arbitrary rank, we assume that Eq. (7) is a particular case of the following general formula:
Of course, our notation should include, as a particular case, those choices of gauge-averaging functional leading to a purely differential operator on perturbations A b of the electromagnetic potential. For example, on taking
one finds T c A b = ∇ c A b , and hence the Lorenz gauge is recovered, with the associated operator
which becomes of Laplace type (in a Euclidean framework) when α is set equal to 1 (this is the Feynman choice for α).
For general choices of Φ(A) according to Eqs. (6)- (8), which lead to an integro-differential operator on A b , one finds
Thus, to write the resulting Lagrangian in the form A b Q bc A c (with Q bc a suitable operator on one-forms), we have to assume a Leibniz rule for our integro-differential operators, here taken to be of the form
Such a rule is not a priori obvious but can be satisfied because, by virtue of (8), the kernels on the left-and right-hand side of (11) are different, i.e.
Equation (11) implies that (with
where
By virtue of Eqs. (10) and (12)- (14), the square of Φ(A) reads eventually
and hence the Lagrangian (5) contains the term
where Ω bd is the integral operator defined by
For A b Ω bc A c to be a genuinely mass term, we require its positive-definiteness (since the theory is here Euclidean), and symmetry of the kernel In other words, we require that
and hence
with U(x, x) a real-valued constant such that
We have originally considered a nonlocal formulation of quantum field theories from a completely different perspective. Work in Ref. [9] had in fact found that, in Euclidean quantum gravity, an operator of Laplace type on metric perturbations is incompatible with the requirement of achieving both strong ellipticity of the boundary-value problem and a set of boundary conditions completely invariant under infinitesimal diffeomorphisms. We then studied in detail nonlocal boundary conditions in quantum gravity [10, 11] and quantum field theory [12] , and applications of this programme to Euclidean Maxwell theory where analyzed in Ref. [13] . In particular, in Ref. [11] we have studied nonlocal and gauge-invariant boundary conditions for Euclidean Maxwell theory in the form
where the source of nonlocality is the term Q(A), defined by
On setting for simplicity α = 1, the resulting operator on A b perturbations is found to be [11]
where G b a is an operator of Laplace type
while U 
The contribution (26) is not a mass term unless
for a suitable one-form J b dx b , so that the right-hand side of (26) reduces to
with J a positive constant. This example shows that the occurrence of mass terms is not a generic property of nonlocal quantum field theory at one loop, but is possible in some cases. What is crucial for us is to prove that some kernels Q a exist such that Eqs. (27) and (28) hold with J > 0 and constant. This is indeed achieved if J a in such equations are chosen to satisfy the anti-commutation relations of a Clifford algebra (we here allow for a curved-space formulation):
Interestingly, this means that the desired J a can be chosen to coincide with γ-matrices:
The resulting value of J is then equal to 1, and the corresponding kernels Q a read (here δ(x, y) = δ(x − y))
for all operators S a which annihilate A a , i.e. A a S a = S a A a = 0 (see, however, below). It appears also desirable, at this stage, to understand what can be said if Eq. (11) is not taken to hold. For this purpose, we express the gauge-averaging functional in the form
and bear in mind that, in general, the kernel and the potential do not commute, i.e.
for some non-vanishing T (x, x ′ ). This is the case, for example, if for a suitable Q(x, x ′ ) one has
By virtue of Eq. (32), the gauge-averaging term
In Eq. (34) the first term on the right-hand side yields a mass term under the weaker requirement that (31) holds with S a which annihilates A a on the left only, i.e.
This is essential to generate mass while maintaining nonlocality. An even more crucial issue for our program is whether the Faddeev-Popov procedure, when applied to a nonlocal gauge-averaging term, leads to a Becchi-Rouet-Stora-Tyutin (hereafter BRST)-invariant theory. BRST invariance is in fact well known to be essential to obtain perturbative unitarity and cancellation of divergences in the renormalization of gauge theories [14, 15] . To prove this we use the notation in Refs. [6, 7] , which has the advantage of being extremely general and useful for calculations, and hence write down the out-in amplitude for gauge theories in the form (hereafter we revert to the use of a real-time formalism)
where ϕ are the fields (e.g. the gauge potential), S is the classical action, P α [ϕ] denotes the gauge-averaging functional, γ αβ is an arbitrary symmetric nonsingular continuous matrix, χ and ψ are the ghost fields with ghost operator F α β . In local field theory γ is taken to be local, i.e. proportional to a delta functional, which is however not our framework. The infinitesimal BRST transformations read [16] 
where δλ is an infinitesimal commuting constant, Q i α [ϕ] are the generators of infinitesimal gauge transformations [6] (we here write δ G to avoid confusion with the δ used for BRST in (37)-(39), and denote by δ G ξ α a set of linearly independent group parameters):
restricted by the group-theoretical identity [6]
and C α βγ are the structure constants of the gauge group. Note that, for local theories, the Q i α are linear combinations of the delta functional and its derivatives, but this restriction does not apply to our model. On denoting by S[ϕ, χ, ψ] the full argument of the exponential in Eq. (36), its BRST invariance is proved by using the previous formulae and assumptions and recalling that
Of course, such a ghost operator is nonlocal if the gauge-averaging functional P α is nonlocal by hypothesis, but this does not affect the following proof. For this purpose we point out that, by virtue of (37)-(39), the infinitesimal BRST variation of S[ϕ, χ, ψ] reads
Since the classical action is gauge-invariant, one has
Moreover, the sum of the second, third and fourth term on the right-hand side of (43) vanishes as well, because (δλ)
and exploiting the symmetry of γ αβ . The fifth term on the right-hand side of (43) reduces to
and hence vanishes as well. Last, on using the identity (41) to express Q i β [ϕ]C β µν , the sum of sixth and seventh term on the right-hand side of (43) reads
which is found to vanish after relabelling indices and exploiting the identity
This detailed derivation has been necessary to prove that the nonlocality of the gaugeaveraging functional P α [ϕ] and matrix of gauge parameters γ αβ and generators Q i α [ϕ] does not affect the BRST invariance of the exponent in the path-integral formula (36) for the out-in amplitude. Moreover, the integration measure dϕdχdψ in (36) is BRST invariant provided that [16] 
and
These equations are enforced by the procedure of factoring out the gauge group. The crucial point is that the gauge group is treated as if it were compact, with associated Lie algebra which should be therefore compact as well. The generators of real representations of compact Lie algebras all have vanishing trace, and this accounts for Eq. (45) (see Ref. [16] ). In a fully nonlocal quantum gauge theory, for which the generators Q i α are nonlocal as well, Eq. (44) restricts the arbitrariness in choosing a nonlocal formulation, as far as we can see.
If the gauge-averaging functionals P α [ϕ] are both nonlocal and nonlinear, we envisage a further application of a formalism due to Zinn-Justin and Lee [17] . Relying on Ref. [16] let us recall that the full argument of the exponential in Eq. (36) is then a functional of gauge fields ϕ, ghost fields χ and ψ, of external sources K, L, M, J, J and J, and reads
where [16] S
BRST invariance yields now the functional equation [16] 
which leads to the Ward-Takahashi identity of the quantum theory.
Further peculiar properties of a nonlocal formulation are appreciated if we consider again the matrix γ αβ . Its complete locality implies that a unique inverse exists [6] , whereas this is not necessarily the case in a nonlocal formalism. This affects, in turn, the uniqueness of
where Q iβ is defined as
γ ij being a symmetric matrix which lowers field indices [6] . The gauge-field operator
has to remain invertible but is no longer a differential operator, by virtue of the nonlocal nature of Q α i and Q iβ here considered. The corresponding Green functions are more complicated but we are safe in that the resulting Faddeev-Popov Lagrangian remains BRST invariant as has been shown. Yet another distinguishing feature of a nonlocal quantization is that, on defining the operator
its advanced and retarded Green functions satisfy the asymptotic conditions [6, 18] 
which, however, cannot be replaced by the stricter relations (cf. Ref. [18] )
With the notation i ≻ j [6, 18] we mean that, given a spacelike surface Σ, i lies to the future of Σ which lies, in turn, to the future of j. By the latter one means that the space-time point associated with an index i (resp. j) lies to the future (resp. past) of Σ. For a Yang-Mills theory, which can be formulated in terms of vector bundles over spacetime [8] , all contractions are actually fiber traces, e.g. (see (5) and (6))
and the gauge-averaging functionals can be modified by the addition of commutators that would vanish in the Abelian case. In the non-Abelian case, however, the term
which means that the one-loop Lagrangian contains more contributions than in the Abelian case, and only one of them can be made "massive". But such complications are only technical, and do not seem to affect the conceptual aspects already present in Euclidean Maxwell theory in the form presented before. Note that, on using the background-field method, the potential is expressed by b . In our approach, we have taken equal to zero the background value, so that A b reduces to small fluctuations about such a value. This is therefore the "small" quantity of our perturbative formulation, while the mass itself remains finite, in agreement with the need to obtain finite values for the masses of vector mesons.
It should be stressed that the ideas and calculations presented in our paper do not prove that the Higgs mechanism should be abandoned. They only show that, if no fundamental scalar field exists, and if mass of gauge fields arises within a perturbative framework, the techniques normally used in field theory to obtain invertible operators on disturbances can be applied to generate mass terms, provided that one is ready to deal with integro-differential operators in a nonlocal quantum theory. Although one has to make a number of assumptions as is hopefully clear from our presentation, a possible merit of our scheme is a new perspective on mass generation which results from fundamental properties of field theory, while avoiding the introduction of additional fields of the Higgs type. By contrast, if experimental evidence were to be found in favour of Higgs bosons being real objects, our investigation might remain of interest because: (i) it would clarify which complications are avoided thanks to the existence of Higgs fields;
(ii) if (tiny) discrepancies between theoretical and experimental values of the Higgs mass were to be found, it could be used to choose the kernels (i.e., the operators S a ) in (31) in such a way that complete agreement is eventually recovered. Indeed, while our paper was receiving completion, the LEP collaboration has announced data which can be accounted for by assuming a Higgs boson with mass of about 115 GeV [19, 20] . New theoretical investigations have been therefore performed, including a probability density calculation of the Higgs boson mass [21] . However, there is not yet conclusive evidence in favour of the existence or non-existence of Higgs bosons, and only the Large Hadron Collider (LHC) can rule out some of the existing models. In particular, our model reflects the desire to develop theoretical physics with the minimal amount of structures and making use of known fields only. As far as we can see, our kernels can only be fixed by experiment, and the years to come should tell whether such ideas are untenable or, instead, viable.
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